A molecular thermodynamic model is developed to investigate the effects of macromolecular crowding on biochemical reactions. Three types of reactions, representing protein folding/conformational isomerization, coagulation/coalescence, and polymerization/association, are considered. The reactants, products, and crowders are modeled as coarse-grained spherical particles or as polymer chains, interacting through hard-sphere interactions with or without nonbonded square-well interactions, and the effects of crowder size and chain length as well as product size are examined. The results predicted by this model are consistent with experimentally observed crowding effects based on preferential binding or preferential exclusion of the crowders. Although simple hard-core excluded-volume arguments do in general predict the qualitative aspects of the crowding effects, the results show that other intermolecular interactions can substantially alter the extent of enhancement or reduction of the equilibrium and can even change the direction of the shift. An advantage of the approach presented here is that competing reactions can be incorporated within the model.
INTRODUCTION: CROWDING IN BIOLOGICAL SYSTEMS
Because biological cells consist of a large number of macromolecular crowders such as polymers, protein tubulins, and actin fibers, which could occupy as much as 40% of the total volume (1) , and this physical crowding can significantly alter the biophysical and chemical properties of live cells and can subsequently lead to substantial effects on biomolecular functions and cellular evolution processes (2) . The effects of crowding are often attributed to the increase in the volume excluded for the biochemically functional species (''reactants'' and ''products''). In other words, a reactant or a product can occupy only a part of the total volume as the available volume decreases because of the presence of the crowders. Crowding plays a pivotal role in a number of key chemical and biochemical reactions and phenomena; examples include protein folding and stability (3, 4) , isomerization (5), self-or heteroassociation (4, 6, 7) , enzyme-catalyzed reactions (8, 9) , and sedimentation equilibria (10) . It has also been demonstrated that in a highly crowded medium such as a cell, the reactivity of one species could be enhanced by several orders of magnitude and could vary with the relative sizes of the reactant, product, and crowder as well as with the crowder concentration.
At the microscopic level, the effects of crowding are largely attributed to the steric repulsion among the different types of species. A number of theoretical studies have been reported in the literature, with qualitative or semiquantitative simpli-fications for intermolecular interactions as well as for the shapes and conformations of molecules, to describe the consequences of steric repulsion on reactions. For example, using the hard-particle approximation, Minton (11) employed the scaled-particle theory and lattice theory to examine the effects of crowding on the thermodynamic activity of globular macromolecules and macromolecular complexes. Minton and Edelhoch (12) used this model to interpret the light-scattering data on bovine serum albumin (BSA) at different concentrations and pHs. The effective hard-particle model was further used by Minton (13) to calculate the osmotic pressure of BSA as a function of protein concentration and pH in a buffer solution with 0.1 mol/L NaCl. Recently, Minton (14) proposed a thermodynamic model to study the inert macromolecular crowding effect on the stability of a globular protein. Berg (15) developed a hard-particle model by including the primary solvent as a separate component in a hard-sphere (HS) mixture and examined the influence of macromolecular crowding on solubility and dimerization constant for spherical and dumbbell-shaped molecules. Zhou and Hall (16) developed a statistical thermodynamic theory to investigate the effect of solute-excluded volume on the stability of globular proteins at infinite dilution. Alternatively, a density functional theory has been adapted by Kinjo and Takada (17, 18) to explore the excluded-volume effect in inhomogeneous solutions by assuming a hard-core squarewell (SW) potential between denatured protein molecules.
Recently, molecular simulations have also been reported to explore crowding effects on protein folding and aggregation (18) (19) (20) (21) (22) . For instance, Elcock (22) employed Brownian dynamics to calculate the free energy of transfer for a rigid globular rhodanese molecule from the hollow interior of a GroEL chaperone protein into bulk solvent as a function of the volume fraction of solvent occupied by a rigid inert crowding reagent. The advantage of molecular simulations is that they can be readily employed to treat (relatively) idealized systems using models based on simple molecular interactions (e.g., HS potentials and simplified repulsive and attractive interactions) and consequently can provide insights from a microscopic perspective, although the models themselves may not be fully realistic because of their neglect of any significant nonadditive and/or long-range interactions that may be present. In principle, more elaborate simulations with detailed atomic-level descriptions of the crowders and reacting species are formally within reach, but the computational efforts needed are invariably beyond reach in practice. Nevertheless, resorting to simulations is not convenient in practice; therefore, molecular thermodynamic theories based on a sound statistical mechanical representation for thermodynamic contributions of the various species are an attractive option to explore.
The objective of this work is to develop a simple molecular thermodynamic formalism based on statistical thermodynamic principles to investigate the effects of macromolecular crowding. To this end, we consider inert crowders and examine their effects on the equilibria of chemical reactions, using the polymeric SW chain model within the molecular thermodynamic formalism. In addition to the HS excludedvolume effect, a short-range attractive interaction is also considered and is shown to play a significant quantitative role in influencing the reaction equilibria, although the qualitative aspects of the influence of the crowders are determined by the hard-core excluded-volume interactions. In the next section, we begin with a description of the proposed molecular thermodynamic model. We then employ this model to study the effects of crowding on three types of chemical or biochemical reactions, namely, protein folding, coagulation (or coalescence), and polymerization (or association). The predicted results are compared with those from the HS chain model. General conclusions are then summarized.
MOLECULAR THERMODYNAMIC FORMULATION OF REACTIONS UNDER CROWDED CONDITIONS
In this section we develop the basic molecular thermodynamic formulation for determining the degree of reaction a for a reaction in a crowded environment. The approach involves calculating a from its relation to the reaction equilibrium constant as a function of the activities of the reactant and product, with the activities determined using suitable statistical thermodynamic theories based on appropriate models of molecular interactions.
Degree of reaction and equilibrium constant
For the present purpose, we consider a general chemical reaction as shown schematically in Fig. 1 nR#P;
where R is the reactant and P is the product, presumed to be distributed in a sea of crowder, denoted as C in Fig. 1 . The reactant and the product, as well as the crowder, may be simple spherical molecules or chainlike molecules. Although formally simple, the reaction shown in Eq. 1 is sufficient to study a variety of situations such as folding transition of a chain molecule and coagulation or polymerization of particles, as we discuss subsequently. The initial concentrations of R and P are denoted by c 0 R and c 0 P ; respectively. For simplicity, we assume c 0 P ¼ 0. The concentration of the crowder is c C ; which is assumed to remain constant during the reaction. If the degree of reaction is a; the concentrations of R and P at equilibrium are c 0 R ð1 À aÞ and c 0 R a=n; respectively. The thermodynamic equilibrium constant K 2 is then
where the gs are the activity coefficients. The equilibrium constant K 2 is constant at a given temperature. We define the stoichiometric equilibrium constant K as
Both K and a are related to the activity coefficients, which depend on the type, size, and concentration of the crowder, as they affect the reactant and product concentrations as we shall see subsequently. At infinite dilution, the activity coefficients approach unity, and therefore K approaches K 2 :
Our objective is to determine the degree of reaction a using Eq. 3 for a given type of reaction with a known initial concentration of the reactant and a given equilibrium constant for any arbitrary crowder concentration, so that the effect of the crowder on the enhancement or reduction of the extent of reaction may be examined. To use Eq. 3, however, one needs the values of the activity coefficients of the reactant and the product as functions of the respective concentrations. To obtain the activity coefficients, we use FIGURE 1 Schematic illustration of a chemical reaction nR#P in the presence of crowder C. Although the reactant and the product are shown as spherical whereas the crowder is represented as a chainlike molecule, the theoretical formalism presented in the article allows each of them to be either spherical or chainlike. standard statistical/molecular thermodynamic formalisms and treat the mixture of reactant, product, and crowder as a multicomponent system.
Molecular thermodynamic model of activity coefficients
Without loss of generality, we represent the reactant, product, and crowder as chain molecules with number density r i ; chain length m i ; and segment diameter s i (i ¼ R, P, C). When m i ¼ 1; a spherical molecule is recovered. In addition to the HS interactions between segments (monomers) implied by the above prescription, the short-range interactions between the nonbonded segments is modeled by the SW potential:
is the cross well depth, and l ij ¼ ðl i s i 1 l j s j Þ= ðs i 1 s j Þ is the cross well width. This model reduces to a simple hard-sphere chain (HSC) model by setting
We consider three contributions to the excess Helmholtz energy A ex of the multicomponent mixture, namely, contribution from the size of the molecules or by the individual segments in the case of chainlike molecules (represented by HS interactions), contribution from nonbonded interactions between segments (represented by attractive SW interactions), and contributions from chain formation; i.e.,
The HS contribution can be written as (23) bA
The SW contribution can be evaluated using the secondorder Baker-Henderson perturbation theory (24):
where the mean attractive energy a ij 1 is given by a compact expression from the mean-value theorem (25):
In Eq. 8, g hs ij ðs ij Þ is the pair correlation function of hard spheres at contact and is evaluated at an effective packing fraction z eff 3 :
The second perturbation term a ij 2 in Eq. 7 describing the fluctuations of attractive energy is given by
The contribution from chain connectivity can be obtained from thermodynamic perturbation theory as used in the development of the statistical-associating-fluid theory (SAFT) (26) and of the equation of state for chain fluids (27) bA
where the cavity correlation function y sw ii ðs i Þ at contact is defined by
Finally, the activity coefficient can be calculated from
Equations 5-14 allow us to determine the activity coefficients of the various species (particularly those of the reactant and product) at any concentration (or, equivalently, at any degree of reaction a). Therefore, Eq. 3 can now be solved (iteratively) for a for any given equilibrium constant K 2 ; initial concentration of the reactant c 0 R ; and stoichiometric coefficient n, as a function of any arbitrary crowder concentration. In what follows, we use this procedure to examine the effects of crowding for a number of reactions.
RESULTS AND DISCUSSION
We examine here three reactions of practical interest, namely, 1), folding of a denatured protein, 2), coagulation of a protein, and 3), polymerization of a monomer. The first corresponds to conformational isomerization reaction in which a polymer/biopolymer with an expanded, chainlike conformation changes to a collapsed, compact spherical conformation (as modeled here). The second corresponds to coalescence of small spherical reactants to a large spherical product or to globular protein forming a globular ''amorphous'' molten globular product. The last represents the type of macromolecular self-association reaction described by Minton (4) .
Our primary objective here is to capture the qualitative and relatively quantitative aspects of the effects of the crowders on the degree of reaction and examine the predictions of the molecular thermodynamic approach. Therefore, the molecules or the segments (in chainlike molecules) are modeled simply as spherical. We fix the thermodynamic equilibrium constant K 2 at unity and take the SW width, l i ; and the SW depth, ðe i =k B Þ; as, respectively, 1.5 and 30 K (or, equivalently, e i to be ;0.4 3 10 À21 J or 0.25 kJ/mol at a room temperature of 25°C) for all species (i.e., reactant, product, as well as crowder). In each case, an initial concentration for the reactant is assumed (as indicated in the figure captions), and the degree of reaction is calculated for various crowder concentrations.
Protein folding (or isomerization)
We begin with an examination of the folding/unfolding of ubiquitin. The process is simplified as a dynamic equilibrium between the denatured and native ubiquitin,
where the denatured ubiquitin is modeled as an elongated flexible chain composed of 76 spherical segments (denoted by R 76 ), with each segment representing one amino acid residue with a size of 0.38 nm, as suggested elsewhere (16, 28) . The native ubiquitin is modeled as a macrosphere with diameter of 2.4 nm, based on the available experimental x-ray scattering data for the radius of gyration (29); subsequently deviations from this value will be examined to assess the sensitivity of the results. Despite the variety of structural manifolds involved, numerous observations demonstrate that the above two-state model captures the underlying physics in protein folding/unfolding reasonably well (30) . The effect of crowder on the activity coefficients of reactant R 76 and product P is examined first for the folding of ubiquitin at an initial concentration of the denatured protein c 0 R ¼ 0:013 mol=L (i.e., the segment density is 0.013 3 76 ¼ 1 mol/L). Both g R 76 and g P (not shown) are found to increase monotonically with crowder concentration. The magnitude of increase is very significant: both g R 76 and g P could reach astronomical numbers at high crowder concentrations. The activity coefficients are predominantly determined by the HS interactions and slightly decrease when the short-ranged attractive SW interactions are incorporated. Fig. 2 shows the activity coefficient of reactant over that of product (g R 76 /g P ) as a function of crowder concentration at three different sizes of the crowder. With increasing crowder concentration, g R 76 / g P drops consistently for a small crowder with s C ¼ 0:3 nm; rises negligibly and then drops for s C ¼ 0:4 nm; rises to a maximum and then drops rapidly for s C ¼ 0:5 nm: The crowding effect is substantial on the activity coefficients of both reactant and product, which subsequently leads to a drastic change in the degree of reaction. Fig. 3 shows the degree of reaction a for the folding of ubiquitin for pure HS interactions (with the protein modeled as an HSC, i.e., a string of hard spheres) as well as for the situation with additional SW nonbonded interactions. At the outset, we note from the results of the HSC model that the hard-core excluded volume alone (i.e., just the hard-core interactions) largely determines the qualitative behavior of the crowding effect. We have used our model to examine the folding of bovine pancreatic trypsin inhibitor (BPTI) as studied by Zhou and Hall (16) . Our model reproduces their results at low crowder concentrations (that is, for crowder concentrations corresponding to well below the Kirkwood-Alder freezing transition for spherical crowders), as should be expected. The results of Zhou and Hall, however, predict unrealistically high enhancement in the reaction equilibrium, by ;8 orders of magnitude, for spherical crowders at a volume fraction of ;0.6, beyond the freezing (i.e., Kirkwood-Alder) limit for the structure of the crowders. We suspect that the equations used for the pressures and chemical potentials break down in this limit in the calculations presented by Zhou and Hall. Our results reveal, however, that other interactions (e.g., attractive interactions among the various species) can have a strong influence on the quantitative aspects. For example, it is evident from the figure that the shortranged SW attractions change the magnitude of the degree of reaction, with the results leading to generally smaller a; although the overall qualitative behavior remains unaffected. In other words, entropic effects dominate the qualitative effects of crowding quite well, but enthalpic considerations are necessary to obtain quantitative guidance.
To explore the role of the various parameters on crowding, we begin with an examination of the effect of crowder size. Fig. 3 a corresponds to single, spherical crowders (m C ¼ 1) of size s C ; with denatured and native ubiquitin of fixed sizes. For small s C ¼ 0:3 nm; a decreases monotonically with increasing c C because, as can be shown through simple geometric arguments, the unfolded conformations of the protein exclude less volume for the relatively small crowder molecules. Conformations of the protein that allow more available volume for the crowders are naturally entropically more stable. This situation, however, changes for larger crowders, e.g., at s C ¼ 0:4 or 0.5 nm or larger, and, therefore, whether the crowder promotes or impedes stability of the unfolded form depends further on the crowder concentration c C : At low c C the spherical native ubiquitin excludes less volume than the chainlike denatured ubiquitin does, and this preferential exclusion of the crowder by the unfolded chains drives folding. However, beyond a limit, at high c C s, the unfolded conformations prevail over the folded form and allow more volume for the crowder, and, as a consequence, the degree of reaction decreases. For even larger crowders (not shown here), a is found to remain closer to unity over a wide range of c C ; i.e., the denatured ubiquitin completely folds into the native state before the equilibrium shifts sharply toward the unfolded form at very high concentrations. In general, the results predict that there is an optimum concentration range for the crowder over which the folding transition is enhanced.
The qualitative aspects of the above observations also apply to chainlike crowders. In Fig. 3 b, we consider chainlike polymeric crowders of different sizes. The results show that as the increase of chain length m C is essentially equivalent to an increase in crowder size s C in Fig. 3 a, crowding enhances folding at low c C but stabilizes the denatured ubiquitin at high c C :
In the previous two figures, the size of the native ubiquitin was fixed at s P ¼ 2:4 nm: Because the size of the native protein affects the volume accessible to the crowders as folding occurs, one would expect the variation in s P to affect the influence of the crowders. For example, smaller s P s would be expected to broaden the range over which folding is enhanced, with larger s P s having an opposite effect, for reasons already described above. The results shown in Fig. 3 c, where the effect of the size of the native ubiquitin is examined (with the crowder assumed to be spherical with a size of s C ¼ 0:5 nm), confirm the expectations. The results, as also emphasized by Zhou and Hall (16) for the pure HS interactions, imply that the crowding effect is quite sensitive to the size of the native protein and that sufficiently accurate size estimation is necessary to predict the extent of enhancement or decrease in the equilibrium.
In summary, we note that in general smaller crowders serve as denaturants and stabilize the nonnative form, whereas the larger crowders (at low enough concentrations) promote the stability of the folded form. These predictions are consistent with Timasheff's hypothesis (31) based on experimental observations that denaturants tend to preferentially bind to the proteins and prevent folding and that stabilizers are preferentially excluded from the protein domains, thereby allowing folding, as also observed by Zhou and Hall (16) . Deviations from this rule may occur and could arise from interactions other than pure excluded-volume interactions. This is alluded to by our results for the cases of nonbonded attractive interactions, which shift the quantitative predictions substantially under certain conditions. See, for example, the results in Fig. 3 a for the HSC model and one with the SW nonbonded interactions for s C ¼ 0:5 nm around a crowder concentration of 5 mol/L; whereas the pure HSC approximation predicts enhancement of folding by ;15% from the initial equilibrium, the model with nonbonded interactions actually shows a 40% downward shift toward denaturation. Coagulation (or coalescence)
The second reaction we consider is coagulation of three reactant molecules into a product molecule, 3R#P; (16) where the reactant R and product P are modeled, respectively, as small and large single spherical particles (m R ¼ m P ¼ 1). Note that if one takes the volume of one P molecule to be identical to that of the three R molecules of size s R ¼ 1 nm; the size of P will be approximately s P ¼ 1:44 nm (corresponding to the coalescence of liquid drops).
We consider the effect of chainlike crowders (Fig. 4) as well as those of variations in the size of the crowder segment (Fig. 5 a) and product molecule ( Fig. 5 b) .
It is more instructive to begin with the case of increase in the chain length of the crowder first ( Fig. 4 ). For this, we fix the segment size at s C ¼ 0:2 nm (well below the size of the reactant, s R , taken to be 1 nm). The product size is fixed at s P ¼ 1.55 nm, slightly above the magnitude expected for coalescence (volume conservation). The line corresponding to monomers (m C ¼ 1) in Fig. 4 a shows that the reactant dispersion remains stable, with a gradual reduction in a as the molar concentration of the crowder increases. The reduction in a arises from the fact that (analogous to the case discussed in Fig. 3 a above) the formation of the product (which would cause a larger excluded volume for the crowder) affects the configurational entropy of the crowder. Further, the smaller crowder molecules can take up the space between the reactants and prevent mutual contacts between the reactant molecules. The large size difference between the reactant and the crowder could lead to depletion attraction between the reactants (known as the Asakura-Oosawa interaction) (32), thus promoting coagulation, at large crowder concentrations (see Hiemenz and Rajagopalan (33) ), but this effect is not seen here because we have not accounted for depletion attraction caused by the crowders. In contrast, for polymeric crowders, that is, as for chain length m C of the order of 10 or larger, coagulation is enhanced (i.e., a increases) at small values of the crowder concentration because the formation of the coagulated product decreases the excluded volume for the crowders. However, as the crowder concentration increases further, the degree of reaction reaches a maximum and begins to decrease as shifting the equilibrium toward the (smaller) reactant molecules provides a greater degree of freedom for the crowder chains. Here, again, the behavior is analogous to what is seen in Fig.  3 b for the folding transition. Similar results are seen for further increases in m C ; with larger and sharper changes in a with crowder concentration. In all cases, the inclusion of nonbonded SW interactions enhances the reaction less at lower crowder concentrations but retards the reaction less at higher concentrations for the same reasons discussed in the similar context for the folding transition.
It is instructive to examine the above results in terms of the volume fraction of the crowder instead of the molar fraction. This is illustrated for the coagulation reaction in Fig. 4 b. Fig.  4 b, which describes the case discussed above (the effect of chain length), shows that the decrease in a is quite sharp in terms of volume fraction for monomeric crowders. For polymeric crowders, the bell-shaped curves seen in Fig. 4 a for m C ¼ 100 can be seen for all values of m C clearly. Moreover, coagulation is completely arrested for a volume fraction of ;0.25, and the behavior for m C .;50 becomes very close to each other, indicating that for large chains, the volume fraction of the crowder is the dominant determinant for the degree of reaction. The maximum a occurs around a volume fraction of ;0.16 regardless of the chain length (for m C .50), and this value could be used to determine the molar fraction needed for optimum enhancement of the reaction.
In view of the discussion above, the results illustrated in Fig. 5 a for the effect of segment size in a chainlike crowder of m C ¼ 100 are straightforward to interpret. Again, the results show that the qualitative behavior (as a function of crowder concentration and segment size) is dictated by the sizes of the molecules, although quantitative adjustments resulting from other interactions could be substantial, as evident from the effect of the SW interactions. The effect of the product size s P as shown in Fig. 5 b is also instructive. As s P decreases from s P ¼ 1:55 nm; a increases, as expected, because the volume excluded by the product decreases, and the reaction moves toward coagulation. At s P ¼ 1:45 nm (corresponding roughly to volume conservation between the reactant and product), a monotonically increases with crowder concentration c C (because the product formation enhances the configurational entropy of the crowder chains). As suggested by Minton, the crowding effect in this case (and for smaller product sizes) would be to enhance the reaction.
Results such as those above can be used to develop scaling relations for a in terms of the crowder type, size, and chain length. We have not attempted to do so here because the resulting scaling relations will not be of much value unless all the necessary molecular interactions are incorporated in the model.
Polymerization (or association)
Finally we consider a polymerization reaction with n reactant molecules R forming a chain molecule P 3 . We take n to be 3 to examine the consequences and, at the same time, to investigate the effect of the shape of the product molecule (i.e., the difference between assuming the product to be a single spherical molecule and assuming it to be chainlike):
where the product P 3 is a linear chain molecule of three connected identical spherical segments. Initially the segment size P 3 is taken to be the same as the size of the reactant molecule R (s R ¼ s P ¼ 1:0 nm; Figs. 6 and 7 a), but subsequently small variations in s P are explored ( Fig. 7 b) .
The general qualitative arguments already presented for the earlier cases apply as well for all the results here. For example, Fig. 6 a, which illustrates the effect of the length m C of the crowder, shows that an enhancement in the reaction occurs as the chain length of the crowder is increased for the same molar concentration. It is also clear that a short crowder (m C ¼ 1 or 10) only marginally enhances the extent of reaction, whereas longer chains significantly alter the reaction degree, consistent with experimental observation (34) . Again this observation holds for a fixed molar concentration, not for the same volume fraction of the crowder, as we discuss later. Further, it may not be clear from Fig. 6 a that even for monomeric crowders an enhancement is seen in this case; we illustrate this later when we discuss the results in terms of the volume fraction of the crowders. Fig. 7 a, presented for m C ¼ 100 so that the differences illustrated can be seen clearly, shows that small variations in the segment size of the crowder could lead to noticeable changes in a, with larger segment sizes shifting the reaction equilibrium toward the product. A more pronounced sensitivity is seen in Fig. 7 b for small variations in the segment size of the product P (with s R still fixed at 1 nm, and again for m C ¼ 100), with smaller s P s favoring the formation of the product. It appears that the above sensitivity arises from what drives the reaction forward. Considering, for example, s R ¼ s P ¼ 1 nm and monomeric crowder, one notes that there is small saving in excluded volume (for the crowder) when three R molecules form a three-segment chain of P 3 . It is this increase in volume available for the crowder that drives the reaction forward. The extent of enhancement understandably increases for longer crowders at any given molar concentration of crowder. The above reduction in excluded volume for the crowder increases further for smaller s P s, thereby pushing the reaction forward more even for monomeric crowders. As noted earlier, the fact that the reaction is enhanced even for monomeric crowders may not be evident from Fig. 6 a, but the increase in a can be seen from Fig. 6b , which shows the results in Fig. 6 a instead in terms of volume fraction. Interestingly, for the parameters shown, the numerical results for a in Fig. 6 b for all values of m C are indistinguishable from each other, for both the HSC model as well as the one with nonbonded SW attraction, indicating that the increase in a is essentially the same regardless of the length of the crowder as long as the volume fraction (or mass fraction) of the crowder is the same. That is, somewhat counterintuitively, the results show that it makes no difference whether the crowders are present as monomers or as a polymeric chain, despite the potential entropic gain in monomeric form. This result simply indicates that the shift in the reaction is driven by the free energy changes arising from the reactant and the product rather than a significant contribution from the crowders. However, the difference exists between monomeric and polymeric crowders for other cases, e.g., when s R and s P are different. For instance, at s R ¼ 1 nm and s P ¼ 0:99 nm; the increase in available volume in this case does make a difference for monomeric crowders, but the advantage quickly vanishes for longer crowders, for reasons mentioned above. Similar results are obtained for other values of s P :
We note that a comparison of Figs. 4 and 5 with Figs. 6 and 7 reveals the sharp differences between the cases of a compact, spherical shape of the product and a chainlike product. Particularly relevant in this context are Fig. 4 and Fig. 6 , which use the same parameters for the reactant and the crowder but differ only in the shape of the product; i.e., in the case of Fig. 4 , the product is assumed to be a sphere of roughly the same volume as that of the three reactant molecules, whereas in Fig. 6 , the product is a chainlike assembly of the three reactant molecules. The comparison shows that although the relative influences caused by variations in the size of the crowder segment (Figs. 5 a and 7 a) and by the chain length of the crowder (Figs. 4 and 6) remain the same, there are drastic differences in the extent of influence of the crowder concentration. In particular, the enhancement in the reaction is sharper in the case of a spherical product with the addition of the crowder. For example, referring to Figs. 5 a and 7 a, one sees that, for s C ¼ 0:2 nm; at a crowder concentration of 0.4 mol/L, the enhancement in the reaction is ;4 times larger in the case of a spherical product than for a chainlike product (a is ;0.36 in the case of spherical product, as opposed to an a of ;0.09 for chainlike product; the initial a is ;0.03 in both cases).
Finally, it is also worth noting that although the results here for polymerization/self-association show a monotonic increase in a (except when the segment size of the associated chain makes it unfavorable), a more complex behavior could be expected for products of much larger chain lengths because the configurational entropy and possibilities of preferential binding or exclusion of the crowders change with increasing chain length of the product.
CONCLUDING REMARKS
The molecular thermodynamic model presented avoids the need for extensive computer simulations but can provide guidance for the selection of crowders for enhancing or retarding conformational isomerization of proteins, coagulation or molten, amorphous polymerization, or self-association. Although simple hard-core excluded-volume arguments (which have been used extensively in various forms) can in general predict the qualitative aspects of the effects of crowders, the results show that other intermolecular interactions can substantially alter the extent of enhancement or reduction of the equilibrium and could even change the direction of the shift. The results show that a coarse-grained approach can offer sufficient guidance in many cases, if not all, but the capability of the model to explain and predict the reaction equilibria depends on whether the inter-and intramolecular interactions and molecular structures are taken into account in a reasonable manner. From this point of view, more exact potential FIGURE 6 Degree of reaction a for polymerization 3R#P 3 as a function of (a) molar concentration and (b) volume fraction of crowder C for the effect of the chain length of the crowder. Solid lines correspond to situations in which nonbonded SW interactions are included, whereas the dashed lines correspond to only the HS interactions. It has been assumed that c 0 R ¼ 0:1 mol=l; m R ¼ 1; s R ¼ 1 nm; m P ¼ 3; s P ¼ 1 nm; and s C ¼ 0:20 nm: models and more realistic conformational details for the reactant, product, and crowder can be included to construct theoretical models capable of precisely describing the crowding effects. In particular, our results show that short-range interactions are important for accurately describing the effects of crowders. More realistically, electrostatic, hydrophobic, associating, solvent-induced, and other interactions, may be incorporated to elucidate the crowding effects quantitatively (35, 36) . As emphasized by Minton (4) , although there are many experimental reports on the effects of crowders on folding and refolding reactions, many of the proteins studied or of interest exist as homo-oligomers, and the interpretation for the thermodynamics and kinetics of their conformational behavior is complicated by the coupling of folding and association. An advantage of the approach presented here is that competing reactions can be incorporated within the model. Support from the National University of Singapore is gratefully acknowledged.
